Abstract. Every artinian quotient of K [x, y] has the strong Lefschetz property if K is a field of characteristic zero or is an infinite field whose characteristic is greater than the regularity of the quotient. We improve this bound in the case of monomial ideals. Using this we classify when both bounds are sharp. Moreover, we prove that the artinian quotient of a monomial ideal in K[x, y] always has the strong Lefschetz property, regardless of the characteristic of the field, exactly when the ideal is lexsegment. As a consequence we describe a family of non-monomial complete intersections that always have the strong Lefschetz property.
Introduction
Let K be an infinite field of arbitrary characteristic, and let I be a homogeneous artinian ideal in S = K[x 1 , . . . , The Lefschetz properties have been studied extensively; see the recent survey by Migliore and Nagel [17] and the references contained therein. The interest in these properties largely stems from constraints on the Hilbert functions of quotients that have the weak or strong Lefschetz property (see, e.g., [2, 9, 18] ).
Until recently, most results have focused on characteristic zero or on at least three variables. For artinian quotients of K[x, y], this is not without reason: the weak Lefschetz property always holds, regardless of characteristic. This was explicitly proven for characteristic zero by Harima, Migliore, Nagel, and Watanabe in [9, Proposition 4.4] (see the note following the next theorem for more on the characteristic zero case). It was proven for arbitrary characteristic by Migliore and Zanello in [18, Corollary 7] , though it was not specifically stated therein as noted by Li and Zanello in [12, Remark 2.6] (see also [7] ). generic initial ideal being strongly-stable. Recall that the generic initial ideal is stronglystable in characteristic zero but also in characteristics larger than the largest exponent of a minimal generator of the ideal (see, e.g., [10, Proposition 4 
.2.4(b)])
. Hence the proof of [9, Proposition 4.4] extends to the positive characteristic restriction given above. Using a different approach, Basili and Iarrobino proved a much stronger result [1, Theorem 2.16] which reduces to the theorem as stated above. Further still, Iarrobino has pointed out to us that the characteristic zero part follows from a much earlier result of Briançon [3] and the positive characteristic part follows from an earlier result of his own [11, Theorem 2.9] .
In this paper we consider the presence of the strong Lefschetz property for homogeneous artinian quotients of R = K [x, y] , where the characteristic of K is positive. In Section 2 we recall some needed definitions and introduce the width function of a monomial ideal. The possible width functions are classified in Proposition 2.5, which is analogous to Macaulay's Theorem for Hilbert functions. In Section 3, we derive conditions to determine when the multiplication map ×ℓ t : [R/I] d → [R/I] d+t has maximal rank for monomial quotients of R. Section 4 contains the main results of this paper. In particular, Theorem 4.3 bounds the characteristics in which the strong Lefschetz property can be absent from monomial quotients by means of the width function. From this we recover Theorem 1.2 using different techniques than used in [9] and [1] . Furthermore, we classify when the bounds in Theorem 4.3 and Theorem 1.2 are sharp in Corollary 4.7 and Corollary 4.8, respectively. In Theorem 4.11, we show that a monomial quotient always has the strong Lefschetz property if and only if it is an artinian quotient of a lexsegment ideal.
We close with some observations in Section 5. We use Proposition 5.2 to show that there exist non-monomial complete intersections that always have the strong Lefschetz property, and thus the presence of the strong Lefschetz property for complete intersections is not determined by the ci-type. In Sections 5.2 and 5.3, we briefly describe connections to enumerative combinatorics and the weak Lefschetz property in codimension three, respectively.
Throughout the remainder of this paper R = K[x, y], where K is an infinite field of characteristic p ≥ 0.
The width function
Let I be a homogeneous ideal of S = K[x 1 , . . . , x n ]. Recall that each component [S/I] d is a finite dimensional K-vector space, and the Hilbert function of S/I is the function h S/I :
If there is an integer r such that h(i) > 0 if and only if 0 ≤ i ≤ r, then S/I is said to be artinian; in this case, r is the regularity of S/I and is denoted reg S/I. If S/I is artinian and r = reg S/I, then we call the finite sequence (h(0), . . . , h(r)), where h = h S/I , the h-vector of S/I. Further still, the initial degree of I is the smallest degree of a minimal generator of I and is denoted indeg I. Thus [S/I] i ∼ = [S] i for 0 ≤ i < indeg I.
Lexsegment ideals & Macaulay's Theorem.
Suppose x 1 > · · · > x n in S. The lexicographic order on the monomials in S is given by x
b i and the leftmost nonzero component of the vector (b 1 , . . . , b n ) − (a 1 , . . . , a n ) is negative. On the other hand, the reverse lexicographic order on the monomials in S is given by x 
, and we set 0 d = 0 for all positive integers d. 
This allows us to immediately classify the Hilbert functions of ideals in two variables.
function. Then h is the Hilbert function of some (proper) homogeneous quotient in R = K[x, y] if and only if there exists a nonnegative integer
Moreover, we classify the Hilbert functions that force a monomial ideal to be lexsegment. 
Proof. We prove the negation of the desired statement in two parts. Moreover, all comparisons of monomials in R = K[x, y] are in the lexicographic order with x > y, and all ordered sets are presented in ascending order. Suppose that there exists a nonnegative integer d such that h(d) > h(d + 1) and h(d + 1) = h(d+2). By Proposition 2.2, once a Hilbert function is weakly decreasing, then it must remain so; hence h(d+1) > h(d+2). Let I be the initial lexsegment ideal with Hilbert function h, as guaranteed by Macaulay's Theorem (see Theorem 2.1). By construction, [I] d is spanned by
, we have that b − a ≥ 2 and so every product of a member of A with either x or y is in B ′ ; in particular,
Hence every product of a member of B ′ with either x or y is in C; in particular, 
, where I = R, which is clearly an initial lexsegment ideal. Suppose now w : N 0 → N 0 is a function such that there exists an integer m > 0 so that
Hence by Proposition 2.2, h is a Hilbert function of some proper homogeneous quotient of R. Thus by Macaulay's Theorem (see Theorem 2.1), there exists an initial lexsegment ideal I such that h = h R/I .
Moreover, these w(d) monomials are consecutive in the lexicographic order and so
Thus the four statements (i)-(iv) are indeed equivalent.
Further, we classify the width functions that force a monomial ideal to be lexsegment. 
Proof. We prove the negation of the desired statement in two parts. Moreover, all comparisons of monomials in R = K[x, y] are in the lexicographic order with x > y, and all ordered sets are presented in ascending order.
Suppose that there exists a nonnegative integer d so that w(d + 1) − w(d) > 2. Let I be the initial lexsegment ideal with width function w R/I = w, as guaranteed by Proposition 2.5. Throughout this section, all comparisons of monomials in R = K[x, y] are in the lexicographic order with x > y, and all ordered sets are presented in ascending order.
Recall that a monomial algebra has the weak (strong) Lefschetz property exactly when the sum of the variables is a weak (strong) Lefschetz element. In particular, Theorem 1.1 immediately implies that we need only look at the maps between equi-dimensional components. 
Proof. The presence of the strong Lefschetz property clearly implies the second condition.
Suppose now that the second condition holds. Let ϕ d,d+t be the map
, and so ϕ a,a+b+c = ϕ a+b,a+b+c • ϕ a,a+b . Theorem 1.1 implies that ϕ d,d+1 always has maximal rank. In particular, ϕ d,d+1 is injective for 0 ≤ d < indeg I and surjective for indeg
, then each term in the composition is injective (respectively, surjective) and so ϕ d,d+t is injective (respectively, surjective). 
is surjective as ϕ h(d+t)−1,d+t is, by assumption, a bijection.
Let I be a monomial ideal in R, and let d ≥ 0 and t ≥ 1 be any integers such that 
where the ordered monomials {x
If r = s + 1, then the determinant is one; otherwise, the largest term of the above closed form is w R/I (d + t) − 1, and it appears exactly once.
Proof.
where U is a square upper-triangular matrix with ones on the diagonal, L is a square lowertriangular matrix with ones on the diagonal, andN is an (s−r +1)×(s−r +1) square matrix with entry (i, j) given by
. Using the block matrix formula for the determinant (twice), we have If r = s + 1, then the products are all empty, hence the determinant is one. Suppose r ≤ s. Notice that b s < t + s and b r > r. Hence the largest term in the first product b s − b r is less than t + s − r, and the largest term in the numerator of the second product is t + s − r. The largest term in the denominator of the second product is the maximum of t + s − b r and b s − r, both of which are less than t + s − r. Hence the largest term of the products in the formula is t + s − r.
Notice that by the definitions of r and s, x r y d+t−r and x t+s y d−s are the lexicographically smallest and largest monomials in [I] d+t , respectively. Hence w R/I (d + t) = t + s − r + 1 and so the largest term of the products in the formula is w R/I (d + t) − 1.
The matrixN in the preceding proof is the matrix N R/J (s − r, s − r + t), where J is the ideal (x br−r y t+s−br , . . . , x bs−r y t+s−bs ) + (x, y) t+s−r+1 . Indeed, the central 6 × 6 matrix is the same as the matrix in Example 3.3, and is the matrixN in the proof of Lemma 3.4. Furthermore, following the preceding remark, we note that d = 9, t = 5, r = 2, and s = 7 for R/I in degree 14. HenceN is the matrix N R/J (s − r, s − r + t) = N R/J (5, 10), where J = (x 10 , x 3 y 7 , x 2 y 8 , xy 9 , y 10 ). Notice that R/J and the quotient considered in Example 3.3 are the same in degrees 5 and 10.
Analysing the formula in Lemma 3.4, we determine exactly when | det N| = 1. 
Proof. By Lemma 2.7, w R/I (d + t) = d + t − 1 − h R/I (d + t) = t if and only if I is lexsegment in degree d, hence (ii) is equivalent to (iii).
Suppose [R/I] d+t is spanned by the ordered monomials {x
Further, notice that w R/I (d + t) = s − r + t + 1. Now we prove (i) is equivalent to (ii). Let r, s, and t be integers such that 0 ≤ r ≤ s + 1 and t ≥ 2. Let b r , . . . , b s be integers such that r < b r < · · · < b s < s + t. Define D(r, s, t, {b r , . . . , b s }) to be
Clearly D(r, s, t, {b r , . . . , b s }) ≥ 1 for all valid arguments. Notice that D(r, s, t, {b r , . . . , b s }) = 1 if r = s + 1, as the products are all empty. Furthermore, if t = 1 and r ≤ s, then r < b r < · · · < b s < s + 1 implies that there are at least s − r + 1 distinct integers exclusively between r and s + 1; however, there are only s − r such integers. Hence if t = 1, then r = s + 1, and we can define D(s + 1, s + 1, 1, ∅) = 1 for every s. (We also note that the case when t = 1 follows immediately from Theorem 1.1.)
Step 1: Base case. Note that D(s + 1, s + 1, t, ∅) = 1 for all s and t. Further, if r = s and t ≥ 2, then D(r, r, t, {b r }) = t br−r ≥ t, as 1 ≤ b r − r ≤ t − 1.
Step 2: Increasing t. Assume r < s and t ≥ 1. Clearly since b s < s + t, then b s < s + t + 1. Thus (r, s, t + 1, {b r , . . . , b s }) forms a valid argument for D(·). Indeed, we can rewrite D(r, s, t + 1, {b r , . . . , b s }) in terms of D(r, s, t, {b r , . . . , b s }) as follows:
For 0 ≤ i ≤ s−r, we have b r+i > r+i and so (t+1)+s−b r+i ≤ t+s+1−(r+i+1) = t+s−r−i.
Further still, t + 1 + i = t + s − r − j + 1, where j = s − r − i, i.e., 0 ≤ j ≤ s − r. Thus we have Step 3: When b s = s + t − 1. Suppose r < s, t ≥ 2, and b s = s + t − 1. Since r ≤ s, then r ≤ (s − 1) + 1 and so (r, s − 1, t, {b r , . . . , b s−1 }) forms a valid argument for D(·). Indeed, we can rewrite D(r, s, t, {b r , . . . , b s }) in terms of D(r, s − 1, t, {b r , . . . , b s−1 }) as follows:
Notice though, since r < b s−1 , we have t Conclusion. We thus see that D(r, s, t, {b r , . . . , b s }) = 1 if and only if r = s + 1. This is equivalent to w R/I (d + t) = t, as w R/I (d + t) = s − r + t + 1.
The strong Lefschetz property
Let I be a homogeneous ideal of S = K[x 1 , . . . , x n ], and fix a term order < on the monomials of S (e.g., the lexicographic order). The initial ideal in < (g · I) that is fixed on some Zariski open subset of GL n (K) is called the generic initial ideal of I with respect to < and is denoted by gin I = gin < I. Recall that an artinian ideal has the weak (strong) Lefschetz property exactly when its generic initial ideal with respect to the reverse lexicographic order has the weak (strong) Lefschetz property. Further, for R = K[x, y] the lexicographic and reverse lexicographic orders are identical. In some cases, we can use the above result to lift statements about monomial ideals to statements about homogeneous ideals.
Bounds on the absence of the strong Lefschetz property.
We first use the width function to bound the characteristics in which the strong Lefschetz property can be absent. See Corollary 4.7 for a classification of when this bound is sharp. Further, we have that w R/I (reg R/I) ≥ w R/I (i) for all 0 ≤ i ≤ reg R/I by Proposition 2.5. This implies that every matrix N R/I (d, d + t) has maximal rank if p ≥ w R/I (reg R/I). Therefore, R/I has the strong Lefschetz property by Lemma 3.2 if p ≥ w R/I (reg R/I).
We now recover Theorem 1.2 with different techniques than those used in [9] and [1] . (Nota bene: We have not assumed Theorem 1.2 up to this point; doing so offers no benefit as our approach and desired results are different.) In particular, by weakening the bound in the preceding proof we can generalise from monomial ideals to homogeneous ideals. See Corollary 4.8 for a classification of when this bound is sharp. On the other hand, the bound is not true in general, even as a bound for the failure of the weak Lefschetz property. Let I = (x 20 , y 20 , z 20 , x 3 y 8 z 13 ) be an ideal of S = K[x, y, z]. In this case, reg S/I = 50, and S/I has the weak Lefschetz property if and only if the characteristic of K is not one of the following primes: 2, 3, 5, 7, 11, 17, 19, 23, or 20554657. This example comes from [7] , wherein the presence and absence of the weak Lefschetz property for monomial ideals in codimension three is considered.
We now consider for which characteristics the strong Lefschetz property is absent. However, the bounds can be far from sharp in some cases.
Example 4.9. Ignoring lexsegment ideals (which always have the strong Lefschetz property by Theorem 4.11), the bounds in Theorems 4.3 and 1.2 are far from sharp in some cases. In particular, consider the ideal I n = (x 2 n , y 2 ), where n ≥ 1. By [6, Lemma 4.2(i)], we have that I n has the strong Lefschetz property if and only if the characteristic of K divides 2 n , i.e., char K = 2. However, reg R/I n = 2 n , so the regularity bound is sharp if and only if n = 1. Moreover, w R/In (reg R/I n ) = 2 n + 1, so the width bound is never sharp for this family.
Remark 4.10. Corollary 4.8 further implies that the maximal degree of a minimal generator is not a good bound. For example, let I p = (x (p+1)/2 , y (p+3)/2 ), where p is an odd prime. Then reg R/I p = p and x p , y p ∈ I p , so by Corollary 4.8 R/I p fails to have the strong Lefschetz property in characteristic p. Notice that the maximal generating degree of a minimal generator of I p is p+3 2
, which is less than p for p > 3.
4.2.
Forcing the presence of the strong Lefschetz property. Proof. Suppose I is not a lexsegment ideal. Then there is a degree j ≥ indeg I such that I is not lexsegment in degree j. This implies that no Hilbert function (see Proposition 2.2) or width function (see Proposition 2.5) can force the strong Lefschetz property to be absent in some characteristic for all ideals with the given Hilbert or width function. On the other hand, we can describe a large class of Hilbert functions and width functions that force the strong Lefschetz property to be present.
Using Lemma 2.3, we classify the Hilbert functions that force monomial ideals to always have the strong Lefschetz property, regardless of characteristic. Proof. Let R/I be some homogeneous artinian quotient with h R/I = h. Since gin I preserves the Hilbert function, we have that h R/ gin I = h. By Proposition 4.12, R/ gin I has the strong Lefschetz property, and so R/I has the strong Lefschetz property by Proposition 4.2.
Remark 4.14. We must be careful with the ring in which we consider an ideal to be. For example, the ideal I = (
, regardless of the field K. However, I is not artinian in a field of characteristic two. Indeed, if char K = 2, then (x, y) = (1, 1) is a non-trivial common zero of the generators of I. However, in all other characteristics R/I is artinian and has h-vector (1, 2, 2, 1).
Suppose char K = 2. The reduced Gröbner basis for I is (x 2 + y 2 , xy 2 − y 3 , y 4 ), and so the initial ideal of I is in I = (x 2 , xy 2 , y 4 ). Notice that in I is lexsegment, and so always has the strong Lefschetz property by Theorem 4.11. Using [19, Proposition 2.9] , the latter implies that R/I also has the strong Lefschetz property, if char K = 2.
Moreover, we classify the width functions that force monomial ideals to always have the strong Lefschetz property, regardless of characteristic, using Lemma 2.6. Hence, we can force homogeneous ideals with these width functions to have the strong Lefschetz property. Proof. Let R/I be some homogeneous artinian quotient with w R/ gin I = w. By Proposition 4.12, R/ gin I has the strong Lefschetz property, and so R/I has the strong Lefschetz property by Proposition 4.2.
Observations
We close with some observations and connections.
Complete intersections.
Let I = (f 1 , . . . , f n ) be a homogeneous ideal in S = K[x 1 , . . . , x n ]. Then I is said to be a complete intersection of type (deg f 1 , . . . , deg f n ) if the generators of I form a regular sequence in S. This is equivalent to S/I being artinian. We considered the presence of the strong Lefschetz property in positive characteristic for monomial complete intersections in [6] . Here we show that the two of the results therein do not hold for non-monomial ideals.
The following lemma classifies the presence of the strong Lefschetz property in positive characteristic for monomial complete intersections of type (a, b), where 2 ≤ a ≤ 3 and a ≤ b. This result implies that I = (x p , y p ), where p is prime, fails to have the strong Lefschetz property in characteristic p. However, Proposition 5.2 implies that this result does not hold in general for non-monomial complete intersections of type (2, 2) and (3, 3) . We further checked this for non-monomial complete intersections of type (p, p), where 5 ≤ p ≤ 41 is prime.
A family of non-intersecting lattice paths is a finite collection of lattice paths such that no two lattice paths in the family have common points. Moreover, when m = n the matrix N(L R/I (d, d + t)) = N R/I (d, d + t) is square, and its determinant is given in Lemma 3.4. We use a theorem first given by Lindström in Notice that when m = n, i.e., the number of A i vertices is the same as the number of E j vertices, then the path starting at A i in a family of non-intersecting lattice paths must end at E i , for 0 ≤ i ≤ m. Hence by Theorem 5.6, det N(L R/I (d, d + t)) is the number of non-intersecting lattice paths in L R/I (d, d + t).
Connections to the weak Lefschetz property in codimension three.
The connection between the strong Lefschetz property in codimension two and families of non-intersecting lattice paths described in Section 5.2 is similar to the connection of the latter to the weak Lefschetz property in codimension three, as described in [7] . Thus we see that the strong Lefschetz property in codimension two is intimately related to the weak Lefschetz property in codimension three.
In particular, let I be a monomial artinian ideal in R = K[x, y]. We see that the multiplication map ×(x + y) t )] d+t and [S/(J, x + y + z)] d+t , are isomorphic. This connection has been used more generally; see, e.g., [4] , [6] , [14] , and [16] .
Using the above connection and Theorem 1.2, we can bound the failure of the weak Lefschetz property for certain codimension three monomial ideals. Proof. Since J is artinian and has exactly one generator divisible by z, then that generator must be z t for some positive t. Moreover, the remaining generators of J must be monomials in x and y only; let I be the ideal generated by these monomials. Then I can be seen as a monomial artinian ideal in R = K[x, y].
By Theorem 1.2, R/I has the strong Lefschetz property if char K ≥ reg R/I. Moreover, reg S/J ≥ reg R/I, so R/I has the strong Lefschetz property if char K ≥ reg R/J. Thus we see that S/J has the weak Lefschetz property if the characteristic of K is at least reg S/J.
